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Introduction to Machine Learning

DIS8

Understanding first order methods

In lecture we have encountered two first order methods so far: The gradient descent method and the
stochastic gradient method. Both of them only use first order information (the gradient), hence the
name. In this question we want to further our understanding as to why they work. Let f : Rd → R
be a convex function that is minimized uniquely at w? .
Remember the update for gradient descent on an arbitrary function f (w)
w(k) = w(k−1) − αk ∇f (w(k−1) )

(1)

for some stepsize α > 0 (in general the stepsize might vary in each iteration as seen in the homeworks).
The corresponding stochastic gradient method (with constant stepsize) does not take a step in the
direction of ∇f (w(k−1) ) but a random direction G(w(k−1) ). G is a random vector-valued function which is in expectation equal to the gradient ∇f , i.e. E[G(w)] = ∇f (w) for all w where
the expectation is over the stochasticity of the gradient. Therefore, we also have E[G(w(k−1) )] =
∇f (w(k−1) ), where the expectation is ALSO over the randomness in w(k−1) . Note that the randomness in the function G is independent of the past randomness that determines w(k−1) .
The update then reads
w(k) = w(k−1) − αk G(w(k−1) ).

(2)

In this problem, we want to focus on the convergence for (small enough) constant stepsize for
both methods, so αk = α for all k.
(a) (optional) Show that the gradient descent step is actually a descent method for small
enough stepsize, i.e. that f (w(k) ) ≤ f (w(k−1) ). Hint: Write down the second order Taylor expansion.
P
(b) When f can be decomposed to a sum of functions, that is f (w) = n1 ni=1 fi (w) (which holds
for e.g. OLS or when we want to find the MLE), we can define a random direction by just
drawing an index i uniformly at random from {1, . . . , n} and setting G(w) = ∇fi (w). Show
that this choice of stochastic gradient is unbiased, i.e. Ei [G(w)] = ∇f (w) where the
expectation is over the random draw.
(c) Let us denote the random index at iteration k by ik . Given SGD updates w(k) = w(k−1) −
αk ∇fik (w(k−1) ), one key step in any convergence proof (including the one in homework) is to
use the so-called law of iterated expectation (or tower property)
E[hG(w(k) ), w(k) − w? i] = Ei1 ,...,ik−1 [Eik [hG(w(k) ), w(k) − w? i|i1 , . . . , ik−1 ]].
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(3)
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In order to see that this is true, let us consider the following abstract general setting: Given a
joint discrete probability distribution P on a finite number of vectors {`1 , . . . , `n } and scalars
{k1 , . . . , km }. Now let `, K be r.v. drawn from the distribution. Recall the conditional probaP
bility P (`|K = k) and for fixed k ∈ {k1 , . . . , km } the definition of E(`|k) := ni=1 `i P (` =
`i |K = k). When k is now random too, show that by taking another expectation over K
we obtain
EK [E` (`|K)] = E`
using the Bayes rule. How can we use this for proving (3)?
(d) In this question we want to see how the noise of the stochastic gradient  = G(w) − ∇f (w)
affects the convergence of SGD compared to GD with noiseless gradients.
Here, we assume  are independent and zero-mean. As you will see in the homework, for
“nice” functions, the convergence of SGD for constant stepsize reads
Ekw(k) − w? k2 ≤ β k E[kw(0) − w? k22 ] + cB 2 .

(4)

with B 2 = Ekk2 and the constants β < 1 and c depend on the loss function and stepsize.
Recall the gradient descent rate with constant stepsize you derived in HW 7:
kw(k) − w? k22 ≤ β 2k kw(0) − w? k22

(5)

where β depends on the minimum and maximum eigenvalues of the Hessian.
Describe what the repercussions are of using noisy gradients by comparing the two bounds (4)
and (5). Where does SGD converge to for constant stepsize? Does the squared error of
the estimator kw(k) − w? k2 strictly decrease with each iteration?
(e) (optional) Now we want to clarify what “nice” functions are. Essentially, we require them to
be strongly convex and smooth, that is k∇f (w) − ∇f (w? )k ≤ Mg kw − w? k. Show that if
G(w) = ∇f (w) +  with independent and zero mean  for all w (we are searching over)
and f is smooth, then assumption
EkG(w)k22 ≤ Mg2 kw − w? k2 + B 2 .
holds with B 2 = Ekk2 .

2

Computational complexity of SGD vs. GD

Let us consider a simple least squares problem, where A ∈ Rn×d , w, y ∈ Rd and we are interested
in optimizing the function
n

1
1X1 >
F (w) =
kAw − yk22 =
(a w − yi )2 .
2n
n i=1 2 i
(a) Write down the gradient descent update. From HW 7 Problem 3 we know that:

2k
κ−1
dk ≤
d0
κ+1
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>

(A A)
denotes the condition number of A> A. Show
where, dk = kw(k) − w? k22 and κ = λλmax(A
>
A)
min

that dnκ log 1/ is the time complexity of computing an  optimal solution.

(b) Show that the regularization term in ridge regression improves the time complexity of
computing an  optimal solution?
(c) Write down the stochastic gradient descent update. In HW 8 you will show that the following
bound holds for the SGD iterate w(k) at time step k updated using a constant stepsize
∆k ≤ (1 − 2αm)k ∆0 + α

B2
m

h
i
(k)
? 2
where, ∆k = E kw − w k2 .

Show that d log 1/ is the time complexity of computing an  optimal solution. How does
this compare with the complexity of gradient descent in section (a)?
(d) Comment on the ability of GD and SGD to escape saddle points and draw it qualitatively on
the figure below.
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